The research summarized in this paper addresses the directional instability of finite dimensional systems with unilateral frictional contacts. Conditions for the occurrence of this divergence type instability are discussed, complementarity formulations are developed, and numerical procedures are proposed for the solution of the corresponding non-smooth stability eigenproblems. Various examples are analytically or numerically solved and discussed, namely some finite element examples that have instability modes involving evolution towards slip or stick in different portions of the contact surface.
Introduction
In continuation of the previous works [19, 20] , the present paper addresses the directional instability of equilibrium states of finite-dimensional non-linear elastic systems with unilateral frictional contacts.
The study of instabilities and bifurcations in systems with friction has been motivated by many experimental observations related to technological problems or industrial processes, like the squeal of brakes [10, 11] or rubber/glass contacts [39] and the intermittence of granular flows [9] . Experimental observations of stress waves [32, 40] in a rectangular polyurethane block pressed against an araldite surface motivated the theoretical and numerical studies in [19, 31] . The practical importance of the instability phenomena in frictional contact systems has led to numerous studies, referenced, for instance, in [6, 13, 14] . In the last decades the scientific community has also become progressively aware of the fact that friction-induced instability phenomena are essential ingredients of the source mechanism of earthquakes [4, [34] [35] [36] .
In what concerns divergence type instabilities with classical unilateral contact and CoulombÕs friction law, the first theoretical results were due to Chateau and Nguyen [5] , who established a sufficient condition for the absence of this type of instability for a continuous elastic body. An important study on the stability of finite dimensional non-linear elastic systems with unilateral contact but without friction was due to Klarbring [15] . Klarbring [15, 18] and Bj€ o orkman [3] studied the occurrence of bifurcations and several critical points in quasi-static trajectories of discrete systems with frictionless contacts. Mr o oz and Plaut [23] studied the stability of elastic structures with friction assuming known normal reactions, which eliminated the non-associative character of the general problems of contact with friction. Some interesting finite dimensional examples that do not have that limitation are presented in [24] . The study of flutter instabilities in frictional contact systems is outside the scope of the present paper and the corresponding references will not be mentioned here.
The similarities between the mechanics of structures with contact and friction and the mechanics of elastic-plastic structures furnishes an additional motivation for the study of the stability of frictional systems. Recent surveys on bifurcation and stability of dissipative solids can be found in [28, 30] . Some aspects of the cross fertilization between that field and the bifurcation and stability of frictional contact systems are cited in [21] .
The main contributions of the present paper to the study of directional instabilities in finite dimensional frictional contact problems are the following:
• their formulation as non-smooth (complementarity) eigenproblems;
• the transformation of these into mixed complementarity problems (MCPs), and the numerical resolution of the latter with the PATH Mathematical Programming algorithm; • the finding and preliminary discussion of modes of directional instability in finite element systems containing portions of the contact surface that evolve towards sliding and others towards stick; • the establishment of a relation between bifurcation of quasi-static trajectories and directional instability in frictional contact systems that takes into account the intrinsic non-symmetry of these problems and thus improves on earlier results.
The organization of the rest of this paper is as follows. The next section deals with the kinematics of finite dimensional plane mechanical systems in the presence of rigid curved fixed obstacles. Section 3 is devoted to the governing equations for smooth dynamic motions and static equilibria, and Section 4 to the relevant sets of the admissible kinematic and static variables. The study of the directional instability of equilibrium states involves the analysis of the existence of dynamic solutions with initial conditions arbitrarily close to such equilibrium states and diverging from them in a non-oscillatory manner. In Section 5, this kind of instability is studied for non-linear elastic systems by analysing the directionally linearized system in the neighborhood of such static equilibrium states. This leads to the formulation and resolution of non-smooth eigenproblems. Section 6 is devoted to their formulation as complementarity eigenproblems, followed by their transformation into mixed complementarity problems (MCPs) and their numerical solution with the PATH Mathematical Programming algorithm. Section 7 presents instability modes for finite element models of, namely, a tribology experiment and the well known single particle example of Klarbring. Section 8 relates the directional instability problem and the quasi-static first order rate problem, by using their complementarity formulations.
Kinematics
In this study we consider a plane holonomic finite dimensional non-linear elastic system. At each time t its configuration is described by the vector XðtÞ 2 R N of generalized coordinates, which are independent in the absence of unilateral constraints. A finite number of particles of the system may have unilateral Contact with smooth curved fixed obstacles: the labels p of such particles are grouped in the set P C & N (#P C ¼ n C ). For each particle p candidate to contact, the corresponding obstacle is identified by the set of vectors X 2 R N such that U p ðXÞ ¼ 0, where U p is a smooth scalar function, n p and t p denote the unit vectors that are normal and tangential to the obstacle, respectively; the vector n p points towards the interior of the obstacle. The curvature of the obstacle p is denoted by v p , whose sign is given in Fig. 1 . The components of the velocity and reaction vectors of all contact candidate particles in the local bases ðn p ; t p Þ are grouped in the vectors v and r, which belong to R 2n C . The relations between the vectors v and r and their generalized counterparts V and R are expressed by v ¼ GV and R ¼ G T r [20] . It is assumed that the lines of the 2n C Â N matrix G are linearly independent:
Assumption (1) guarantees that: (i) any contact velocity vector v can be obtained from a vector of generalized velocities by means of the kinematic transformation v ¼ GV; and (ii) a vanishing vector of generalized reactions R implies a vanishing vector r of reactions at the contact candidate particles. In these circumstances the linear map GðXÞ : R N ! R 2n C is subjective, has a right inverse, and it is possible to perform a change of variables [20] 
where the matrix T 2 R N ÂN [20] is non-singular, the transformed vector of generalized velocities e V V has the decomposition e
Free from any kinematic unilateral constraint, and v groups the normal and tangential velocities of the contact candidate particles. Similarly, the transformed vector of generalized reactions e R R has the decomposition e R R ¼ ½ 0 T r T T , where 0 is the null vector of dimension n F . Note that when the displacements normal and tangential to (flat) obstacles of all the contact candidate particles are taken as generalized coordinates (as in some finite element discretizations), the matrix G is a boolean matrix.
Governing dynamic and static equations
For any contact candidate particle p 2 P C , the classical unilateral contact conditions and the friction law of Coulomb at some time t P 0 are 
respectively; l P 0 is the coefficient of friction, r½Á denotes the multi-valued application such that, for each The friction law can be alternatively written in the equivalent form of an inequality plus an equality:
During the smooth portions of its dynamic evolution the system is governed by the Lagrange equations
where t P 0 is the time variable, M is the N Â N symmetric positive definite (PD) mass matrix, F is the vector of constant external applied forces, internal elastic forces, and, in general mechanical systems, quadratic terms involving the generalized velocities, (AE) denotes the time derivative and XðtÞ and rðtÞ are the vectors of the unknown generalized coordinates and contact reactions at time t. During smooth dynamic evolutions, Eqs. (7) are satisfied together with the laws (3) and (4) (or (6)) and with the appropriate initial conditions on the configuration and on the velocity. An equilibrium state of the system is characterized by a configuration vector X 0 and a reaction vector r 0 that satisfy (7), (3) and (4) with _ X XðtÞ ¼ € X XðtÞ 0.
Some relevant sets of admissible variables
The set of admissible configurations is defined by
For each X 2 R N and each r 2 K r ðXÞ the decomposition of the set P C of contact candidate particles is introduced In what concerns the reaction forces, we define, for each X 2 R N , the (configuration dependent) set of admissible reaction forces:
; r p n 6 0 and jr
For X 2 R N and r 2 K r ðXÞ we define the (configuration and reaction dependent) set of admissible right velocities,
Having in mind (9), the (configuration and reaction dependent) set of admissible right reaction rates is defined by K w ðX; rÞ ¼ : fw 2 R 2n C : w n ¼ w t ¼ 0; in P f ; w n 6 0; jw t j þ lw n 6 0; in P z ; r½r t w t þ lw n 6 0; in P s g: ð11Þ As done in (10) and (11) , the dependency of some quantities on the contact particle p is omitted in some circumstances, i.e. v p n , v p t , w p n and w p t are sometimes abbreviated to v n , v t , w n and w t , respectively. The definitions of the sets K v ðX; rÞ and K w ðX; rÞ take into account the conditions that involve solely the kinematic variables v and solely the static variables w. For known configurations and reactions, the right displacement and reaction rates have to satisfy other conditions than those expressed in the definitions of K v ðX; rÞ and K w ðX; rÞ. Such conditions are complementarity conditions: v n w n ¼ 0 and w t v t À lw n jv t j ¼ 0 in P z and ðr½r t v t Þðr½r t w t þ lw n Þ ¼ 0 in P s that involve both velocity and reaction rates. These conditions may be written in the form [19] w Á gðvÞ ¼ 0 ð12Þ where the map g : R 2n C ! R 2n C results from the maps g p : R 2 ! R 2 given, for each contact candidate particle p, by
for p 2 P z ðX; rÞ;
5. The study of the directionally linearized system
The directional instability eigenproblems
In the neighborhood of the equilibrium state, and for admissible directions of the increments of the generalized coordinates and of the contact reactions, respectively dXðtÞ and drðtÞ, GðX 0 Þ dXðtÞ 2 K v ðX; rÞ; drðtÞ 2 K w ðX; rÞ; drðtÞ Á gðGðX 0 Þ dXðtÞÞ ¼ 0; ð14Þ the equations of motion (7) have the following directionally linearized form
The tangent stiffness matrix K 2 R N ÂN has elastic contributions (K U ðXÞ), geometric stiffness contributions due to the constant external applied forces (K X ðX; KÞ), and contributions from obstacle curvature and contact reactions (K C ðX; rÞ) [17, 20] 
where
and x p ðXÞ is the position vector of particle p in some fixed orthonormal reference frame.
In [19] it is shown that Proposition 1 (Directional instability of the linearized system). For t in some right neighborhood of some instant s (t 2 ½s; s þ Ds½), there exist dynamic solutions of the form
where V and w define constant directions in the sets of right admissible displacement and reaction rates at the equilibrium state ðX 0 ; r 0 Þ, the function of time a is twice continuously differentiable, a and _ a a are non-negative and non-decreasing in the same interval, the initial values aðsÞ P 0, _ a aðsÞ P 0 are arbitrarily small, the function b is continuous, non-negative and non-decreasing, if and only if there exists a number k P 0 and two vectors V in R N , V 6 ¼ 0 and w in R 2n C such that
In these circumstances
and the equilibrium state ðX 0 ; r 0 Þ of the linearized system is unstable by divergence.
The problem of the directional instability of the linearized system is formulated in (19) and (20) as a mixed explicit complementarity eigenproblem; inclusion or variational inequality formulations for the same problem were presented in [19] . Note that when a transformation of variables (2) is assumed to have been performed, so that the normal and tangential contact velocities are already generalized velocities of the system, the complementarity eigenproblems (19) and (20) may be equivalently written as Find k P 0 and ð e V V; f W WÞ 2 R N Â R N , with e V V 6 ¼ 0, such that
Moreover, the dimension of the problem can be reduced by elimination of the two degrees of freedom of the stick particles (P d ) and of the normal degree of freedom of the particles in contact with non-vanishing reaction on the friction cone (the impending slip particles P s ). Then we perform the transformation of variables
where S s ¼ Àdiagðr½r
z is the number of degrees of freedom that may be (right) active, which includes all the free degrees of freedom (F ) and those of the contact candidate particles that are currently free (f ), plus the tangential degrees of freedom (t) of the particles (s) in impending slip, as well as both degrees of freedom (n and t) of the particles in contact with zero reaction (z). The eigenproblem (19) and (20) 
Equivalence to a set of generalized linear eigenproblems together with some inequalities
It is important to observe that the resolution of the eigenproblem (19) and (20) or (26)- (28) is equivalent to the resolution of a set of classical generalized linear eigenproblems, together with the verification of some inequalities. These various linear eigenproblems are obtained by considering all possible combinations of near future states of the contact candidate particles. Actually, since the particles in P f ðX 0 Þ (currently free) and in P d ðX 0 ; r 0 Þ (currently stuck) will remain so in the near future, only the combinations of possible near future states of the particles in P z ðX 0 ; r 0 Þ and P s ðX 0 ; r 0 Þ need to be considered. The total number of classical generalized linear eigenproblems that may be constructed in this manner is thus 2 ns Â 4 nz , because a contact particle in P s has two possible near future evolutions (stick and positive or negative slip, opposite to the static tangential reaction), while a particle in P z has four possible near future evolutions (free, positive slip, negative slip and stick). Assuming now that one combination of the above near future evolutions holds, the transformations of variables
are applied. In this manner, both degrees of freedom of the particles in contact with reaction strictly inside the friction cone (the stick particles), as well as the normal (n) degrees of freedom of the slip particles are eliminated, and the generalized linear eigenproblem
is obtained, where M 0 and K 0 have the structure
Matrices M 0 and K 0 are, respectively, the effective mass matrix and the effective stiffness matrix corresponding to the assumed combination of the near future evolutions of the contact particles. The p diagonal component s p of the diagonal matrix S slip , refers now to a particle that is assumed to slip: s p has necessarily the value Àr½r 0p t if p 2 P s ðX 0 ; r 0 Þ, and has one of the values +1 or )1, if p 2 P z ðX 0 ; r 0 Þ. In order that the solutions of (34) do solve the original eigenproblem (19) and (20), or (22)- (24), or (26)- (28), the following inequalities must be satisfied, in addition to the equalities taken into account by the construction (32) and (33) [recall the inequalities in the admissible sets (10) and (11)]:
for the particles p in P z that were assumed to become free : Àv
for the particles p in P s that were assumed to become
The occurrence of directional instabilities: sufficient conditions and necessary conditions
The set of (homogeneous) equations and conditions (22)- (24) or (26)- (28) has always the trivial solution. In what conditions is that trivial solution unique? To study this it is convenient to rewrite (28) in the form
and the governing equation (26) in the form
The coefficient matrix of the right-hand side is non-singular, so that the previous algebraic equation is equivalent to
where the components of the vectors involved satisfy
Then, if all the pencils of matrices constructed from k 2 M Ã þ K Ã with k P 0 as indicated in the next proposition are of class P [7, 25] , the only solution is ðN; WÞ ¼ ð0; 0Þ. The next proposition gives then a sufficient condition for the linearized system not to be directionally unstable.
Proposition 2 (Uniqueness).
A sufficient condition for the set of equations and conditions of the directional instability problem (26)- (28) to have only the trivial solution is that, for k P 0 and for any S z ¼ diagðs p Þ; s p 2 ½À1; þ1; p 2 P z , the non-symmetric matrix below is a P matrix:
In the linear elasticity case this holds if l s and l z are sufficiently small and the obstacle curvature v is sufficiently small when positive.
An interval matrix is a matrix whose components are intervals (for further details see [22, 26] ). When this definition is used, the usual matrices, whose components are real numbers, are called point matrices.
Since each of the real numbers s p ; p 2 P z , may assume an arbitrary value in the interval ½À1; þ1, the set of all matrices obtained from (44) when all s p run over all their admissible values may be considered an interval matrix, in which the generic point matrix S z ¼ diagðs p ; p 2 P z Þ; s p 2 ½À1; þ1 gives rise to a n z Â n z diagonal interval matrix S z , whose diagonal components are the intervals ½À1; þ1ðS z ¼ diagð½À1; þ1ÞÞ. With these definitions the uniqueness condition in Proposition 2 can be re-phrased as: the directional instability problem (26)- (28) has only the trivial solution if, for any k P 0, the interval matrix pencil
is of class P , where
Of course that an interval matrix is said to be of class P if and only if all the point matrices in the interval matrix are of class P . We can also say that the directional instability problem (26)- (28) has only the trivial solution if, for any k P 0, the matrix pencil
s Þ is of class P and l z is sufficiently small. We observe that, for the pencil k 2 M Ã ðl s Þ þ K Ã ðl s Þ to be of class P it is not sufficient that the matrices M Ã and K Ã be of class P , because the sum of two matrices of class P is not, in general, a matrix of class P . However, if the mass matrix f M M is a diagonal (necessarily PD) matrix then the matrix M Ã ðl s Þ is also diagonal and PD, and its sum with K Ã is also P if the latter matrix is P . A matrix A is positive definite (PD) if and only if x T Ax > 0 for any x different from 0. We conclude that when the matrix f M M is diagonal, the matrix K Ã is P , and l z is sufficiently small, then the linearized system is not directionally unstable.
Proposition 2 and subsequent statements are expressed in terms of the property P , which takes into account the non-symmetry of the matrices involved. Other conditions that do not take into account that non-symmetric (i.e. non-associative) character of the Coulomb friction law may be deduced [5, 19, 29] : doing the inner product of (26) with N, it is easy to conclude that a necessary condition for the occurrence of a directional instability of the linearized system is that
However, the conditions expressed in terms of the property P are sharper, in the sense that they yield less conservative (higher) estimates for the coefficient of friction of the transition to directional instability. On the other hand, a sufficient condition for the occurrence of a directional instability for the linearized system is the following [19] If there is a k P 0 and N 2 R N Ã , with N 6 ¼ 0, such that
then the linearized system is directionally unstable. Note that conditions (48)-(50) are a particular case of (26)- (28) that results from a priori assuming that the solution satisfies: (i) W st ¼ 0, i.e. the reactions of the contact particles in impending slip (the s particles) remain on the boundary of the friction cone, which means that those particles remain in impending slip or do initiate sliding and (ii) W zn ¼ 0, i.e. the reactions of the contact particles in contact with zero reaction (the z particles) will remain equal to 0, which means that those particles remain in contact with zero reaction or loose contact. Whenever they exist, the solutions of (48)-(50) will be called all-slip solutions. Note that (26)- (28) is a mixed complementarity-inclusion eigenproblem while (48)-(50) is a much simpler problem: a classical generalized linear eigenproblem with a set of inequalities (49) and (50) to be verified a posteriori.
In numerical computations of quasi-static evolutions it is observed that the necessary condition (47) is satisfied (significantly) earlier than the sufficient condition (48)-(50) [19] . The reason that motivates the computational study of the original problem (19) and (20) (or (26)- (28)) is the existence of examples, like the one presented in the next subsection, in which the necessary condition (47) is satisfied, the sufficient condition (48)-(50) is never satisfied, and there are solutions to the problem (19) and (20) or (26)- (28) that do not involve the slip of all the contact particles in impending slip, i.e., solutions that do not satisfy the sufficient condition (48)-(50).
An example of a non-all-slip instability mode
The model schematically represented in Fig. 2 consists of a four node bilinear finite element made of a linear elastic isotropic material in a plane stress state. The two relevant non-dimensional parameters are the aspect ratio b ¼ b=a and the Poisson ratio of the material m. We assume that, at the equilibrium configuration, both nodes C and D are in impending slip to the left (P z ¼ ;). The eigenproblem (26)- (28) at the transition value k ¼ 0 is governed by
where ððN and there is no possibility of transition to the SLIP-SLIP kind of instability. For ðb; mÞ in the region of Fig.  3 above the curve, the onset of SLIP-SLIP directional instability occurs for the coefficient of friction
and the STICK-SLIP kind of directional instability is not possible. For parameters ðb; mÞ on the curve of Fig. 3 , the two instability modes of the neighboring regions coalesce in a degenerate mode with
But the main conclusion to extract from this example is that in the parameter region ðb; mÞ below the curve of Fig. 3 there is no all-slip (SLIP-SLIP) solution satisfying the sufficient condition (48)-(50), but the instability eigenproblem (26)-(28) does have a SLIP-STICK solution of the type represented in Fig. 2 , for values of l greater than the one given in (53). In the case of P z ¼ ; the problem (26)- (28) leads to the mixed complementarity eigenproblem in k
where now the vectors and matrices N, W, M Ã and K Ã have no contributions from the empty set P z . Hence
M Ã has a similar structure and l ¼ l s . A problem related to the above MCEIP-k 2 (55) and (56) consists of computing the coefficient of friction and the associated mode shapes that correspond to the transition eigenvalue k ¼ 0, for a given equilibrium state ðX 0 ; r 0 Þ. Substituting this condition in (55), leads to a mixed complementarity eigenproblem in l (MCEIP-l):
Find l P 0 and ðN;
where l ¼ l s .
Numerical solution as mixed complementarity problems
It is possible to rewrite the non-linear eigenproblems MCEIP-k 2 and MCEIP-l as mixed non-linear complementarity problems (MCPs), which are then solved with the algorithm PATH [8] . This algorithm is based on a non-classic Newton method that builds a piecewise linear path and does a line search along that path. The transformation into a MCP is achieved by taking the eigenvalue (k 2 or l) as an additional nonnegative variable, which is complementary to another non-negative variable (c), used in a normalizing constraint equation that involves the eigenvector N. As in the previous subsection, only the case of P z ¼ ; is considered.
In this manner the eigenproblem MCEIP-l defined in (58) and (59) is transformed in the following mixed complementarity problem (MCP-l):
Find ðN; lÞ 2 R N Ã þ1 and ðW; cÞ 2 R N Ã þ1 , such that
where the coefficient matrix is (57), e is a vector of dimension n s with all components equal to 1, c is an arbitrary positive real number that normalizes the mode shape and
T N st > 0, N st 6 ¼ 0, N 6 ¼ 0, and N, W and l solve the MCEIP-l (58) and (59). The proof that any solution to MCEIP-l (58) and (59) also solves MCP-l (60)-(63) with c ¼ 0 can be found in [31] , where the analogous transformation of MCEIP-k 2 into a MCP is also discussed.
Numerical examples by the finite element method

Finite element discretizations of a tribology experiment
The first example is a model of tribology experiments done by Progri, Villechaise and Zeghloul [32, 40] on rectangular polyurethane blocks sliding on an araldite base which may be considered a rigid obstacle. The elastic block is discretized with non-uniform meshes of 530, 776 and 1890 linear P1 finite elements that have, respectively 41, 65 and 161 contact candidate nodes. The block is assumed to be in a state of plane stress. Its elastic properties are: modulus of elasticity ¼ 5 MPa, PoissonÕs ratio ¼ 0.48. The geometric parameters are the length L ¼ 80 mm and the height H ¼ 40 mm of the blocks. The density of the material is 1.2 kg/dm 3 . The block is submitted to a quasi-static loading consisting first of prescribed displacements on the side CD (see Fig. 4 ), which is symmetrically pressed against the obstacle until the resultant of the normal reactions on side AB is )55 N. Then the loading proceeds by prescribing an horizontal motion of the side CD towards the left [32, 40] . In this tangential loading phase, the successive equilibrium states have a growing region of nodes in impending slip spreading from right to left.
This example was studied earlier in [19] , also by the finite element method, but using only the necessary (47) and the sufficient (48)-(50) conditions for directional instability. For a coefficient of friction l ¼ 1:1 close to the experimentally observed value, the numerical results showed that the necessary condition (47) was satisfied very early along the tangential loading process; however, for all the successive equilibrium configurations of the block along that tangential loading, the sufficient condition (48)-(50), that involves slip of all nodes in impending slip, could never be satisfied. Our objective is thus to check if, after the necessary condition is satisfied, there exist instability modes of a type different from the all-slip modes of the sufficient condition (48)-(50).
With this purpose, we search first for solutions to the MCEIP-l at the equilibrium states obtained with l ¼ 1:1, along the tangential loading of the block, i.e. we search for the values of the coefficient of friction corresponding to the onset (k ¼ 0) of instability in that equilibrium configuration. It is found that the values of l that solve the MCEIP-l are very large and decrease with the increase of the number of nodes in impending slip in the successive equilibrium configurations. Moreover, the eigenvectors of the MCEIP-l associated with higher values of l correspond to modes having, on average, a larger number of impending slip nodes that get stuck.
For instance, for a mesh of 530 elements (41 contact candidate nodes) and for an equilibrium state having the 2 left nodes stuck, the 32 intermediate nodes in impending slip to the left and the 7 nodes on the right free, the algorithm PATH converges to a solution of the MCEIP-l that has an unreasonably large value of l (57.653929) and a mode represented in Fig. 4 , where an impending slip node (the fourth from the left) becomes stuck. The numerical values at the contact nodes of the eigenmode represented in Fig. 4 are shown in Table 1 . For the same equilibrium configuration, the solution of the classical eigenproblem corresponding to the sufficient condition (48)-(50) shows that no positive l exists that corresponds to an admissible non-trivial solution with all impending slip nodes (s) in impending slip or in slip [the sufficient condition (48)-(50) could not be satisfied].
For the final equilibrium state of the loading process, for which the 33 nodes on the left are in impending slip and the 8 nodes on the right are free, a non-trivial eigenvector is found for a much lower coefficient of friction (l ¼ 1:709967). The corresponding eigenmode is represented in Fig. 5 . Since all the nodes in impending slip do slide, this mode satisfies also the sufficient condition (48)-(50) with k ¼ 0. For the mesh of 776 elements, in the final steady sliding configuration, the 52 nodes on the left are in impending slip to the left and the 13 nodes on the right are free. A non-trivial eigenvector is found for a coefficient of friction l ¼ 1:707375 which is represented in Fig. 6 . For the mesh of 1890 elements, in the final steady sliding configuration, the 129 nodes on the left are in impending slip to the left and the 32 nodes on the right are free. A non-trivial eigenvector is found for a coefficient of friction l ¼ 1:705864, which is represented in Fig. 7 .
For other meshes and other aspect ratios H =L, the same trends are observed in the behavior of this system. Additional studies are needed for a better comprehension of the instability modes (Fig. 4) that cannot be detected by the sufficient condition (48)-(50) and of the circumstances at which they may arise for lower values of the friction coefficient.
Continuation of the study of the example of Section 5.4
In order to initiate the study of the circumstances at which all-slip and non-all-slip modes of instability may arise, we consider the block of Section 5.4 uniformly refined with rectangular bilinear finite elements with an aspect ratio height length
and with 2, 3, 4, 5, 9, 17 and 33 contact nodes. In order to get solutions that may be compared with those of the single finite element in Section 5.4 (where both contact candidate nodes are in impending slip to the left at the equilibrium state), we impose that all the contact candidate nodes are in a state of impending slip to the left. Node 1 is the third node counted from point A to the right and node 32 is the 34th one. The solution is normalized such that the sum of the components of N st is equal to 25 (constant c in (61)). For a Poisson ratio of m ¼ 0:48, the algorithm PATH converges always to an instability mode where all the contact nodes slide to the left (an all-slip mode) (see Fig. 8 ). Solving all the 2 ns classical generalized linear eigenproblems (34) and inequalities (36)- (40) that are equivalent to the problem MCEIP-l for n s ¼ 2, 3 and 4 contact nodes, it is also observed that only a transition to an all-slip type of directional instability is possible in those cases.
For a Poisson ratio m ¼ 0:1 and for meshes with n s ¼ 2, 3, 4, 5, 9, 17 and 33 contact nodes, the algorithm PATH converges always to instability modes where all nodes slide to the left except the second node from C that blocks (see Fig. 9 ). Solving all the 2 ns classical generalized linear eigenproblems (35) and inequalities (36)- (40) that are equivalent to the problem MCEIP-l for n s ¼ 2, 3 and 4 contact nodes, it is observed that, Node 1 is the leftmost contact node and node 33 is the rightmost contact node. The solution is normalized such that the sum of the components of N st is equal to 25 (constant c in (61)).
in those cases, the transition to instability does occur with a mode of the same kind, i.e. all nodes slide to the left except the second one from C that blocks, and no transition to an all-slip solution is possible. Table 2 
A finite element version of the single particle example of Klarbring
The model problem treated in this subsection consists of a finite element version of the single particle example of Klarbring [16] . The plane domain has the geometry indicated in Fig. 10 . The boundary segments CD and EF are fixed.
The nodes in segment AB may have contact with an horizontal rigid flat obstacle. This structure is assumed to be in a state of plane stress and have linear elastic behavior. The elastic properties are: modulus of elasticity E ¼ 5 MPa and PoissonÕs ratio m ¼ 0:48. The weight of the structure is neglected. The equilibrium configuration is the undeformed configuration represented in Fig. 10 that corresponds to a state of impending slip to the left of all the contact nodes in segment AB. This state of impending slip is obtained by applying on AB a uniformly distributed inclined load that makes an angle with the vertical equal to the friction angle arctanðlÞ. Fig. 11 represents all-slip instability modes that solve (58) and (59) corresponding to the onset (k ¼ 0) of instability for three different meshes: (a) 547 linear P1 finite elements (11 contact nodes); (b) 997 (14); (c) 1997 (19) . The numerical values of the components at the contact nodes of the eigenmode represented in Fig. 11 (c) are shown in Table 3 . The solution of the MCEIP-k 2 for l ¼ 5 is discussed next. For that coefficient of friction the classical eigenproblem corresponding to the sufficient condition (48)-(50) does not have any solution satisfying the inequalities (49) and (50) (all-slip solutions). However the solutions of the non-linear eigenproblem (55) and (56) to which the PATH algorithm converges have one or more nodes that become blocked while others continue in impending slip without slip (degenerated states); as the mesh is refined the solutions successively obtained involve progressive localization of the left slip zone near the left contact node, and the corresponding positive eigenvalues k (1328.28833, 3336.23641 and 4643.97534) reveal an increased instability of those increasingly localized modes; for the meshes of Fig. 11(a)-(c) see Tables 4-6 , respectively. 8. The relation between the directional instability and the rate problem
A result that takes into consideration the non-symmetry of the problem
In this section we study the relation between (i) the problem of directional instability (divergence from an equilibrium state ðX 0 ; r 0 Þ due to smooth solutions with perturbed initial conditions) and (ii) the quasi-static rate problem formulated at the same equilibrium state ðX 0 ; r 0 Þ. At some given instant and load, at which the equilibrium state is known, the quasi-static rate problem comprises the computation of the first order right rates of change of displacements and reactions, for a given external loading rate at the same instant [1, 16, 28] . Problem (i) involves the combined effects of mass, stiffness and friction, while problem (ii) involves the combined effects of stiffness and friction only. It is then natural to relate the above two problems on the basis of the combined effects of stiffness and friction. An angular bifurcation may occur at an equilibrium state that is not directionally unstable. This phenomenon is observed for example in the 
Equilibrium state of impending slip to the left of the 11 contact nodes. The solution is normalized such that the sum of the components of N st is equal to 0.25. Table 5 Values at the contact nodes of the solution of problem MCEIP-k classical (associated) Shanley column [37, 38] and in a non-associated (Coulomb friction) version of Shanley column [20] . In the field of associated plasticity Hill [12] and Petryk [29] and in the field of non-associated plasticity Raniecki and Bruhns [33] and Bigoni [2] discussed earlier the relation between multiplicity of solution of the quasi-static rate problem and directional instability. Nguyen [27] and Chateau and Nguyen [5] studied the same relation in the broader domain of the materials with non-associated constitutive laws and the dry friction problems. As pointed out very clearly by Bigoni [2, p. 15] the essential limitation of previous results is that they do not state that absence of bifurcation ) absence of directional instability, but they state that a sufficient condition for absence of bifurcation ) absence of directional instability. In this section we improve on these results by using properties of non-symmetric matrices that are sensitive to that non-symmetry. We begin by reformulating the quasi-static first order rate problem with the purpose of comparing the properties of its stiffness matrix with the properties of the stiffness matrix of the problem of directional instability. After the transformation of variables (2) the rate problem is
Find ð e
where e L L is the load rate direction vector and _ K K denotes the rate of change of the load parameter. Restricting ourselves to the case of P z ¼ ; and performing the transformation of variables (25) , the rate problem becomes a mixed linear complementarity problem: 
Equilibrium state of impending slip to the left of the 19 contact nodes. The solution is normalized such that the sum of the components of N st is equal to 0.25.
where K Ã ¼ K Ã ðl s Þ is the effective stiffness matrix in (29) and (31) for the directional instability problem and
If the principal sub-matrix K
f is invertible, it is possible to eliminate the velocities of the free degrees of freedom from problem (67) and (68): by using the definition K K of the Schur complement of K (67) and (68) is rewritten in the form
In the limit situation corresponding to k ¼ 0, and performing the same condensation on the contact degrees of freedom, the problem (26)- (28) may be formulated as an homogeneous Linear Complementarity Problem (LCP):
The coefficient matrix K K Ã is the same as the one in the rate problem (70) and (71). Then, the absence of (nontrivial) solution for the directional instability eigenproblem (26)-(28) for a vanishing eigenvalue k occurs when the previous problem has no solution, which corresponds to the case where the homogeneous LCP (72) and (73) has the trivial solution ðN st ; W st Þ ¼ ð0; 0Þ as its unique solution. By definition, an homogeneous LCP has the trivial solution as its unique solution if and only if its coefficient matrix is of class R 0 [7] . A matrix is of class R 0 if and only if its corresponding homogeneous LCP has only the trivial solution [7] . Since a P matrix is also a R 0 matrix and K Ã 2 P implies K K Ã 2 P then we may state the following proposition that relates the two kinds of problems under consideration in this section.
Proposition 3. Assume that, at the current equilibrium state, there are no particles in contact with zero reaction (P z ¼ ;). If the first order quasi-static rate problem has a unique solution for any loading rate, then the transition of the linearized system to directional instability by vanishing of an eigenvalue k cannot occur.
Using the same kind of words as the ones of Bigoni [2] , the above statement says that absence of bifurcation implies no transition to directional instability through the vanishing of an eigenvalue k.
A column with Coulomb friction (a non-associative Shanley column) revisited
This example deals with a column that has elastic supports connected to frictional sliders, as represented in Fig. 12 This mechanical system has six degrees of freedom. We choose for generalized coordinates the vertical displacement (d) of point B, the angle (h) between bar AB and the horizontal ðu . The fundamental trajectory of the system is represented in Fig. 12 and satisfies: where
Þ is the load at which impending slip at C and D is first attained and K B ¼ 2u v is the load at which the reactions at C and D vanish. The near future frictional contact states of the two particles C and D is indicated by the words FREE, SLIP or STICK: for instance, a near future evolution involving slip of C and stick of D is indicated by SLIP-STICK.
The non-dimensional parameters that govern the behavior of the system are m ¼ M p =M, l ¼ L h =L, w ¼ Mg=2KL as well as u v , u h and l defined before. We denote by a and b the following non-dimensional quantities evaluated along the fundamental trajectory: a ¼ aðu
It is also convenient to define the three external loads corresponding to the following conditions that involve the quantities a and b: K ¼ K 1 ½a ¼ bK is the load at which the SLIP-SLIP effective stiffness is singular;
is the load at which the STICK-SLIP effective stiffness is singular; K ¼ K 3 ½a ¼ 0 is the load at which the STICK-STICK effective stiffness is singular. The bifurcation diagram depends qualitatively on the relative position of the two sets of loads K A ; K B and K 1 ; K 2 ; K 3 . Here we only consider the case in which the governing parameters satisfy K A < K 2 < K 3 < K B . In this case, and for the particular type of loading considered, the only bifurcations from the fundamental path occur for K 2 ½K A ; K B ½. The analytical study in [20] on this non-associative Shanley column concluded that, for the values of the external load K corresponding to fundamental equilibrium states of impending slip of the particles C and D (K A 6 K < K B ) there are not directional instability modes involving the sliding of both particles C and D (the sufficient condition (48)-(50) for directional instability is not satisfied) (see Fig. 12 ). This means that the linearized system is still directionally stable after the rate problem ceases to have a unique solution. However, when K > K 2 (the effective stiffness matrices corresponding to the slip of one contact particle and to the stick of the other contact particle are not positive definite), there exist two modes of instability that solve problem (26)- (28) and involve the slip of one particle and the stick of the other particle.
The statement of Proposition 3 is consistent with the results in [20] . In the case illustrated in Fig. 12 , both the contact particles C and D belong to P s ðP z ¼ ;Þ for load parameters between K A and K 1 ða > bKÞ, and the rate problem (70) and (71) can be written in the equivalent complementarity form 
In the above range of equilibrium states (K 2 ½K A ; K 1 ½) of the fundamental trajectory, the directional instability problem MCEIP-l (72) and (73) is the homogeneous particular case ( _ K K ¼ 0) of (74) and (75). Then Proposition 3 guarantees that in that range of K the transition to directional instability of the linearized system cannot occur for a vanishing eigenvalue k, which is consistent with the results in Section 4.4 of [20] .
The study of a LCP with two pairs of variables can be interpreted graphically in R 2 . The problem (74) and (75) can be expressed as a non-negative linear combination of the four columns of the coefficient matrix, with two complementarity conditions:
where I Á1 and K K Ã Á1 denote column vectors containing the first columns of matrices I and K K Ã , respectively, and I Á2 and K K Ã Á2 denote column vectors containing the second columns of matrices I and K K Ã , respectively,
In each pair of variables ðN 
with I Á2 . Each of these four possible non-negative combinations correspond to a complementarity cone [25] 
where Posða 1 ; a 2 Þ ¼ fx 2 R 2 : x ¼ a 1 a 1 þ a 2 a 2 ; a 1 ; a 2 P 0g is the cone associated with the extreme vectors a 1 and a 2 . The LCP (74) and (75) corresponding to the rate problem is equivalent to the problem of finding the complementarity cone(s) that contains(n) the point _ K KðÀ
Þ [25] . The homogeneous LCP ( _ K K ¼ 0) corresponding to the onset (k ¼ 0) of directional instability (MCEIP-l) is equivalent to the problem of finding the non-negative linear combinations of the column vectors I Á1 ;
that are admissible by the complementarity conditions and equal to the null vector. Non-trivial solutions of an homogeneous LCP can only occur if and only if its coefficient matrix is not a R 0 matrix, that is, if at least one of the complementary cones is strongly degenerated [25] . A cone Posða 1 ; a 2 Þ is strongly degenerate if and only if its extreme vectors a 1 and a 2 have the same direction and opposite senses. Fig. 13 illustrates the complementary cones of the problem (74) and (75) for several values of the loading parameter K. Each complementary cone Posða 1 ; a 2 Þ is indicated by an arc of circumference connecting its two extreme vectors a 1 and a 2 . For 0 6 K < K 1 , i.e., for a > bK P 0 (Fig. 13(a) and (b) ) the matrix K K Ã is of class P and of class R 0 which means that both the non-homogeneous and the homogeneous LCP (74) and (75) corresponding to the rate problem and to the MCEIP-l have unique solutions; in this case the complementary cones are a partition of R 2 and none of them is degenerate. For K ¼ K 1 , i.e., for a ¼ bK (Fig. 13(c) 
Þ is weakly degenerate. A cone Posða 1 ; a 2 Þ is weakly degenerate if it is an halfline. For that load the matrix K K Ã is degenerate, hence it is not of class P but it is of class P 0 (all its principal minors are non-negative) and of class R 0 . Assuming a unit positive load rate _ K K ¼ þ1 the vector of independent terms ðÀ
Þ is on the degenerate cone PosðÀ
Þ which corresponds to the existence of an infinity (fan) of first order rate solutions for K ¼ K 1 (see Fig. 9 in Section 4.4 of [20] ). Since the matrix K K Ã is of class R 0 , the linearized system is still directionally stable. For K 1 < K < K 2 , i.e., for b K 2 < a < bK ( Fig. 13(d) ) the matrix K K Ã is not of class P . For the assumed positive load rate the quasi-static rate problem has three solutions: STICK-SLIP (associated with PosðI Á1 ; À K K ( Fig. 13(e) ) the matrix K K Ã is neither of class P nor of class R 0 ; the complementary cones PosðI Á1 ; À K K Ã Á2 Þ and PosðÀ K K Ã Á1 ; I Á2 Þ are strongly degenerate. That point of the fundamental trajectory corresponds to the onset (k ¼ 0) of directional instability.
Conclusions
In this paper we have presented a study on the directional instability of plane finite dimensional systems in unilateral frictional contact with curved obstacles, and on its relation with the first order quasi-static rate problem. The study of the directional instability involves the solution of a mixed explicit complementarity eigenproblem (19) and (20) which is equivalent to a mixed complementarity-inclusion eigenproblem (26)- (28) , and also to a set of classical generalized linear eigenproblems (34) plus some inequalities (36)- (40) . For computational purposes, those non-smooth eigenproblems are transformed into mixed complementarity problems (MCPs) that are solved with the PATH Mathematical Programming algorithm.
The sufficient condition for absence of directional instability given in Proposition 2 is that the nonsymmetric interval matrix I z ðl z Þðk 2 M Ã ðl s Þ þ K Ã ðl s ÞÞ (45) has the property P for all k P 0; in the linear elasticity case this holds if the friction coefficients l s and l z are sufficiently small and the obstacle curvature v is sufficiently small when positive. When, at the equilibrium state, there is no particle in contact with zero reaction, the absence of directional instability holds when the pencil of effective mass and stiffness matrices k 2 M Ã ðl s Þ þ K Ã ðl s Þ is P for all k P 0. The P property captures the non-associated (non-symmetric) character of the problem and the above conditions give values for the coefficient of friction at which directional instability initiates that are less conservative (that are higher) than those given by other conditions (47) that involve the positive definiteness property.
In the finite element simulations with the block of Progri, Villechaise and Zeghloul [32, 40] , it has been observed that: (i) whenever solutions were known to exist [the all-slip solutions of the sufficient condition (48)-(50)] the PATH algorithm always converged to one such all-slip solution; (ii) in some cases where allslip solutions did not exist [the sufficient condition (48)-(50) could not be satisfied] other solutions with both slip and stick were obtained, but only for very large values of l; (iii) for reasonably small values of l, no solutions different from the all-slip solutions provided by the sufficient condition (48)-(50) were found; (iv) in all cases, the values obtained for the coefficient of friction at which directional instability could occur were larger than the experimentally observed ones.
In all the studied numerical examples, the convergence of the PATH algorithm to an all-slip solution (48)-(50) has been always observed whenever such kind of solution exists. When that is not the case, it has been frequently observed that the converged results given by that algorithm had some very localized regions of slip on the contact surface, which might localize even further as the mesh is refined. The geometry of the body and the Poisson ratio play an important role on the type of directional instability mode (all-slip or non-all-slip) that may occur for sufficiently large values of the coefficient of friction.
For a given equilibrium state of a system in which there are no particles in contact with zero reaction, we show that the uniqueness of solution of the rate problem for every loading rate direction excludes the onset (k ¼ 0) of directional instability (Proposition 3). The relation between the directional instability problem and the rate problem was illustrated with a six degree of freedom system that is a non-associated version of ShanleyÕs column. The verification or not of the properties P , P 0 and R 0 by an effective stiffness matrix, along the fundamental equilibrium path of that system, has been related to the loss of uniqueness and the onset of directional instability along that path.
